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Abstract
In this paper we study the rst-order formalism of the pure four-dimensional SU(2)
Yang-Mills theory with theta-term. We argue that the associated Green's functions of
't Hooft-like electric and magnetic ux operators described by explicit gauge-invariant
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1 Introduction
Recently, Witten introduced a remarkable new equation associated with the infrared be-
haviour of a twisted version of an eective N = 2 super Yang-Mills theory and describing
abelian gauge elds weakly coupled to monopoles. By counting the solutions of this \dual"
equation, Witten obtained new dierential-topological invariants for a compact, oriented 4-
manifold with a distinguished integral cohomology class; these invariants are closely related
to the famous Donaldson polynomial invariants. On the other hand, the infrared phase of
the N = 2 super Yang-Mills theory is like the \superinsulator" (dual superconductor) of
't Hooft, in which one gets absolute connement of electric charges by the mechanism of
condensation of monopoles. This phase is controlled by a certain set of topologically de-
ned operators, implicitly dened by 't Hooft, which create or destroy topological quantum
numbers, to be called \disorder parameters". 't Hooft argued that the correlators of these
disorder operators are a sort of \topological" Green's function.
More recently Cattaneo, Cotta-Ramusino and Martellini [1]-[2]-[3] dened in the contest
of three- and four-dimensional BF -theory a sort of gauge-invariant, non-local operators
M() associated to surfaces  embedded in the four-dimensional manifold, in order to
study the knotting of surfaces in 4D. It turns out that these operators M() are an explicit
realization of the disorder operators of 't Hooft.
In this work, generalizing a little the ideas of [1]-[3], we may prove that the rst-order
formalism of the standard pure bosonic Yang-Mills theory with theta term, which is a special
type of BF -theory, allows an explicit realization of the 't Hooft scenario. In particular we
wish to argue in this paper that the expectation values of the non-local operators M() are
the Witten topological invariants. The further inclusion in the expectation values of the
M()-operators of the \order parameters" provided by Wilson like operators \perturbs" the
above topological Green functions to new ones which appear to be related to the Donaldson
topological invariants. If this picture is actually realized, one gets a rst, completely non-
perturbative calculation directly in the usual 4D-QCD, without the need to get it by some
spontaneous symmetry breaking of a twisted N = 2 super Yang-Mills theory. Our result
gives more support to the general intuition that in the standard 4D Yang-Mills theory there
exists a topological sector controlled by certain topological Green's functions of suitable
gauge-invariant, non-local, composite operators.
2 4D-QCD in rst order formalism
Let us start with somemathematical denitions. LetX be a compact, oriented 4-dimensional
manifold, and more specically a Kahler manifold with Kahler form !, i.e. ! is a closed (1; 1)-
form. Over X we consider a non-abelian gauge theory. From a mathematical point of view
this amounts to dening a complex vector bundle E associated to a principal bundle with
1
structure group G. We will always consider the case G = SU(2). We will write g
E
for the
bundle associated to the adjoint representation of SU(2). If A denotes a unitary connection
on E, then the operator d
A











(E). Notice that d
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(E). Here A stands for an su(2)-valued one-form






du, where u is [a local representative of]





space of p-forms on X with values in E. The Yang-Mills curvature, i.e. the curvature of the
connection A, is the su(2)-valued two-form F
A





















= 0. If we x a metric structure on X and denote by  the associated Hodge operator
































= 0. Since X





































































































Our physical theory is the rst-order version of the pure SU(2) Yang-Mills theory with



























Bu under gauge transformations. In (4), g
2
denotes














B = 0 (6)



















and hence one may set B = B
+
. In the following we shall denote by M
c
the
\classical" moduli space, that is the space of solutions of (5)-(6) modulo the gauge group.






































At this point one may reabsorb the gauge coupling g into F
A
through the rescaling A! gA.
Notice that the rst term in the right-hand-side of (7) is the standard Yang-Mills functional,
while the second one is the topological charge, the so-called \theta-term" associated with
















(E) is the second Chern class of the complex SU(2)-vector bundle E and we have
adopted the standard sign convention for k. If we denote by t
a
the generators of su(2) (in



























in a local coordinate system fx





















In the following we shall consider the quantum theory associated to the action (4) in the
frame of path-integral quantization. For this purpose we need to x the gauge-invariance










where we have dened A = A
0
+ a with A
0
a xed background SU (2)-connection. Notice
that we have to impose a constraint on the eld B, since the theory acquires on shell a
larger symmetry. We will stick to the common terminology and call this constraint on
the eld B a \gauge xing". Since (4) is just the 4-dimensional Yang-Mills theory (with
theta term)
5
written in the rst-order formalism, and we know that a non-abelian gauge
theory is asymptotically free, it follows that the B eld is weakly (strongly) coupled to
the Yang-Mills potential A in the ultraviolet (infrared) regime. Therefore (5), after the
replacing of g with the running coupling constant g() (g()  0 at energies   M






= dA+ g()A ^A  dA, in the ultraviolet regime.
An alternative theory which, in the semiclassical approximation, is equivalent to the one















once the \singular" gauge B
 
= 0 is chosen. The eect of this gauge xing is to break the
topological invariance [1][3] of the BF theory (10).
5
In Euclidean signature the Gibbs measure associated to the \theta action-functional"is usually written
as exp(ik(A)), where k(A) is dened by (8) and the Lagrange multiplier  is the so-called -parameter.
Then (7) implies  = 4
2
, which is consistent with the fact that  does not renormalize.
3
3 Quantum theory











In (11) M is the orbit space, i.e. the quotient of the set of elds (A;B) by the gauge group.







































standard Faddeev-Popov determinant. Of course, in order to derive (12) in the background
gauge one assumes that the topology of X allows only irreducible connections A on the
SU(2)-bundle E over X. This means that there are no covariantly constant scalar elds.
A sucient condition for that [4] is that b
+
2
> 1; here b
+
2
is the dimension of the space of
self-dual harmonic forms over X.
The key idea of our work is to include into (11) some gauge-invariant non-local operator
M() (to be dened in the next section), which is analogous to the disorder loop variable





























M is a particular case (namely the 0-dimensional one) of the Witten moduli space
which gives the new dierential-topological invariants for compact, orientable 4-manifolds
recently discovered by Witten [6]. Eq. (13) is one of our basic results. In the following we
shall dene explicitly in terms of (A;B) a non-local gauge invariant operatorM() associated
to a surface   X, such that(13) holds identically, in the semiclassical approximation and
in the weak coupling limit (up to some irrelevant normalization). In (13) the symbols have
the following meaning.
~
A is the restriction of the unitary connection 1-form A to an abelian
connection on the holomorphic line bundle L






to the Kahler class [!] 2 H
2
(X) which is the Poincare dual (PD) of [the homology class of]








B is the 2-form B restricted to a






over X. Notice that the condition that 
be Poincare dual to the Kahler form ! means that there is a singular 1-form  on X such
that for any 2-form
^
 over X one has













 ^ : (14)
















B) dened above. Equivalently one can say that the introduction of the operator M()
6
From now on we will drop the square parentheses denoting (co)homology classes.
4








, where  ! L







4 't Hooft-like disorder operators
In ref. [1] the authors were able to dene in a four-dimensional BF -theory the non-local
gauge invariant operator
O(A;B; ; ; 
0







































will play the ro^le of a \magnetic charge" (as it will be clear after (38)), x is a





of SU (2), Tr
R
denotes the trace over R and 
0
[ is any closed path C with




() in (15) stands for the holonomy of the SU(2)-connection A along









In [1]-[3] one has shown that the choice of the xed point x is irrelevant
8
, and underlying a





()  O[A;B = B
+
; ; C; x]; (17)
where O is dened by (15). Here of course O
+
is the projection by
1
2
(1+) of the integrand of
O to the self-dual one. The operator M() is a \disorder parameter" in the sense of Ref. [5],
since it does not commute with the other usual elds and has a braiding-like commutation
relations (see Ref. [1], [3]) with the Wilson-line operator Tr
R
Hol(C) with C a closed loop
linked to the surface .
Our next step is to compute the semiclassical approximation of hM()i
M
. Before of
that, one must notice that the linear version of the eld equations (5), (6) yields the the
















B = 0 (19)
where the operators involved, combined with the background gauge xing conditions (9), are
elliptic, and A
0







We will consider later on, only the fundamental representation.
8
Of course the expectation values of the operators O depend on the choice of the paths ; 
0
, but this
choice is irrelevant for the computation in this framework of the Donaldson-Witten topological invariants,
as it will be more clear in the following.
5
Now we consider the operator t
g

















































































In the above complex h
0
= dimker s = 0 since A
0
is an irreducible connection. A direct






















) = 0 (23)
since this is the index of a self-adjoint operator. In other words, the classical moduli space
M
c





. We would like to point out that the inclusion of the eld B (with g 6= 0)
seems to remove the degeneracy of the instanton vacua of the classical Yang-Mills theory.
The theory will not be trivial since in the following we will consider singular solutions.
From the point of view of the eld equations, the insertion into the path-integral (11) of
































() plays the ro^le of a \source term" for (4). Indeed, when we make the following


































; !  PD() (26)












































B = 0, and implies d
A
0
B = 0 since B is self-dual.
6
5 Witten's moduli space and topological invariants
In this section we prove (13) in the semiclassical approximation. The starting point is given
by the eld equations obtained after the inclusion of the 't Hooft like disorder operator
M().
















































where the notation is the same as in the previous section, but C
x
is now a loop based at x.
Here fR
a





is the (p; q)-part of F
+
. For the holonomy to be non trivial one needs to think that the loop
C
x
includes a \Dirac singularity" (see below). From now on we choose as representation the




; a = 1; 2; 3. As a consequence of equation (28) the
curvature in the limit g ! 0 is given, up to a numerical constant, by the product of ! times
the projection of Hol(C) into the Lie algebra of SU(2). This projection denes a constant
direction in the Lie Algebra, so we can assume that this direction is given by the element
t
3
: This is equivalent to consider a reducible connection. We can furthermore choose ! (so
that ! = PD()) as a self-dual 2-form. In conclusion Eq. (28) admits a non-trivial singular
reducible
9






















diag(1; 1). Hence  is an abelian connection and
the curvature of (29) is ft
3
, where we have set: f  d. Thus, the introduction of the
operators M() replaces the original Yang{Mills theory [with theta-term] to an eective









a holomorphic line bundle on




) = ! = PD(): So the instanton


























. As a consequence of (29)
Tr(Hol(C)t
a







is the monopole magnetic ux of  across the \Dirac surface" . One may regard














In the construction of the elliptic complex (22), we required there there are no smooth reducible connec-
tions on X. There is no contradiction here, since
~
A is singular on . Equivalently one may regard
~
A as a
smooth reducible connection on the complement space of  in X.
7










while (19) becomes the twisted Kahler-Dirac equation associated to the abelian connection






















X. Equations (31)-(32) are the so-called Witten monopole equations [6] for the case of a
general Kahler manifold X, written here in the \bosonic" form, i.e. replacing the twisted
Dirac equation of [6] with the twisted Kahler-Dirac one (32).
Notice that (31) is the same as (5) when applied to the reducible connection
~
A, provided




A and the so called weak-strong coupling duality
g=2! 2=g:













Tr (B ^B) (33)





)j = 1, thus giving ux
quantization.
Let us now look for an explicitminimal energy solution of (31). We can choose coordinates
(x; y; u; v) on X locally in a neighborhood of the xed point x

so that the surface  is given
by the equations x = y = 0. For the Poincare dual form ! restricted to  we can take [4]
!(x; y) =  (x; y)dx ^ dy (34)




x = (x; y) = (0; 0) and with integral
1. We can choose  (x; y) = 
(2)
(x; y), with 
(2)
(x; y) the two-dimensional delta function.













= 0, so that f = d = f
12















(i = 1; 2), ~x  fx
i
g  (x; y). Then (31) through (34)









The Maxwell potential 
i




























































denotes the algebraic intersection number [4] of the oriented surfaces  and 
0
. Notice
that (39) is well dened even when 
0
= . For the minimal energy solution one has
sin(gq
m
) = 1, implying
2gq
m
Q(;)  1 (mod 4) (40)
which corresponds to the Dirac quantization condition. From (38) it follows that the oper-




B) is related to the exponential of the
\magnetic ux".
Summarizing, we have shown that the inclusion of the gauge-invariant non-local operator
M() into the expectation value (11) given by the non-abelian SU(2) BF
+
-theory reduces
this theory to an eective abelian one with monopoles and without theM() operator. The
resulting quantum eld theory, which is \dual" to the original one, is coupled to monopoles
and is written in terms of an abelian connection  on a holomorphic line bundle L

(the
monopole line bundle), and a twisted self-dual two-form
~
B. This result clearly proves (13),
at least in the semiclassical approximation. At this perturbative order our underlying moduli
space is the classical one and coincides with the zero-dimensional Witten moduli space
~
M
studied in the case of a generic Kahler manifold X.
~
M is given by the solutions of (31)
and (32) modulo gauge transformations.
Thus the partition function given by the path-integral written in the r.h.s. of (13) (or
equivalently the \one-point" function described by the l.h.s. of (13)) is equal to the number




B), counted with a  sign corresponding to
















Equation (41) is the Witten topological invariant [6], [8]. The proof of (41) follows directly






), after integration over
~








g), which in turn gives a counting measure (with signs) on the
orbit space M. Observe that the  signs are provided by the ratio between the functional
determinant coming from the ghosts and the Jacobian associated with the delta-functional.
As a consequence of this fact one gets (41).
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6 Donaldson's polynomial invariants
In this section we show how the original Donaldson polynomial invariants [4], [7] naturally
come in the framework of our theory after the introduction of Wilson-line operators




Let us now consider a closed oriented surface
^









and compute the following expectation value:
hM()W (C)i (43)




. Since the Wilson loop does not depend on the B-eld, we can
perform the B integration exactly as in the previous section. Then the resulting delta-
functional restricts the A-integration to the reducible connections
~
A and this allows to write
the Wilson loop as











Q(;) = 1 + 4n, (43) gives











If the monopole has the fundamental charge (n = 0), (45) gives the algebraic intersection
number Q(;
^
) modulo 2Q(;). Notice that the insertion of the operator M() creates
a monopole whose ux through 
0
measures the intersection number.























































































); a = 1; : : : ; dg.








, a = 1; : : : ; d, one gets a symmetrized version





]; : : : ; [
d
]) [7].
From a physical point of view the Wilson-loops detect the monopole ux generated by
the insertion of the operators M() associated to surfaces. Monopoles of the same charge
10
on the two sides of the surfaces give opposite contributions to the ux
11
, which turn out to
be proportional to the algebraic intersection numbers.
In conclusion we have shown that the expectation values of order parameters W (C)
times disorder parametersM() [5] in the rst-order formalism of the pure four-dimensional
SU(2) Yang-Mills theory with theta-term over a generic Kahler four-manifold X give (in the
semiclassical approximation) the Donaldson-Witten topological invariants of X.
A nal comment is in order. All our calculations have been made in the limit g ! 0. In
this limit both the topological BF theory with the \cosmological term" (10) in 4-dimensions
and the Yang-Mills theory with theta-term appear to detect 4-manifolds invariants. For this
two theories to be equivalent (on shell), the choice of the \gauge" B
 
= 0 (that breaks the
larger \topological invariance" of (10)) is a key ingredient.
If we instead consider a \pure" BF theory (i.e. we take g = 0) and do not impose
the constraint of self-duality B
 
= 0, we can study a dierent topological eld theory, as
discussed in [1][3]. Perturbation theory in q
m
detects 2-knots, i.e. imbedded 2-surfaces, up
to transformations of the 4-manifolds.
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